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1. All questions carry equal marks
2. Must answer all parts of the question at one place

Time: 3Hrs. _ - Max Marks: 70
UNIT-I
1. a. Show that the function u(x,y) =¢" cosy is harmonic. Determine its harmonic conjugate v(x, y)

and find the analytic function f(z) =u+iv.
b. Find the analytic function f(z)=u+iv, if (u—v)=e"(cos y —sin y).
OR
2. a. Evaluate by Cauchy s integral formula m 2y 2 _dz where C: |z|

6

dz by Cauchy’s integral formula, where ‘C’ is the circle |z| =

b. Evaluate S

UNIT-II

3. a. Expand Cos z into a Taylor’s series expansion about the point z = g

b. Expand f(z) = m in the region (i) 1<|z|<2 (ii) |z|>2 (iii) 0 <|z — 1|< 1.

OR

4. a.Evaluate by Residue theorem, []C_]—z—dzz———
e+ -4)

: 3 2
b. Show that, by Residue theorem, J. A0 =2—”.
' 2+cosf 3

where C is |z|=1.5.

UNIT-III

5. a.Find the Fourier series representing f(x) = x,0 < x < 2m.
b. Find the Fourier series to represent the function f(x) is given by
0,for—-mr<x<0

f(x)z{xz,for0<x<7r
OR

6. a. Find the Half range Sine series for f(x) = x(m — x),0 < x < m.
b. Obtain the Fourier series for the function f(x) = x%,in—n < x <.




7. a. Find the Fourier transform of f(x) = {

UNIT-IV

cosx, for x| < a}
0, forlx|=a a>0
b. Find the Fourier sine and cosine transform of f(x) = il
OR
8. a. Find the finite Fourier cosine transform of f(x) defined by f(x) = E -x+ ;—;, where 0 < x <.

b Evaluate the following using Parsavel’s identity f dx (a > 0).

(a2+ 2)2

UNIT-V
9. a. Atightly stretched string with fixed end poirits x- points x=0 and x=1 is initially in a position given by
¥ = yosind — =, if it is released from rest from this position. Find the displacement y(x,t).

b. Solve % =2 Z—l: + u, where u(x,0) = 6e~3* by the method of separation of variables.
OR
10. a. Solve ? = 4Q, where u(0,y) = 8e~3Y by the method of separation of variables.
b. Solve the one-dimensional heat flow equation — L

ot
u(0,t) = 0,u(l,t) =0,t > 0,and u(x,0) = BSlnT,O <x<lL

2 0%u .
=e? ﬁ given that

e N e —— s
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GAYATRI VIDYA PARISHAD COLLEGE OF ENGINEERING FOR
WOMEN
(Autonomous)
(Affiliated to Andhra University, Visakhapatnam)
II B.Tech-I Semester Regular Examinations, November-2025
COMPLEX AND FOURIER ANALYSIS
(ECE branch)
1. All questions carry equal marks
2. Must answer all parts of the question at one place

Time: 3 Hrs Max. Marks: 70

UNIT-I1

1. a. Show that the function u(z,y) = € cosy is harmonic. Determine its harmonic
conjugate v(z,y) and the analytic function f(z) = u +v.
Solution: Given u(z,y) = €® cosy.

Differentiating w.r.t  and y, we get

% _ e’ cosy and g e*siny
o oy
G e’ cosy and . —e“cosy
pr — ey 5 = '
Pu  0%u
S+ =0
0z2 = 9y?

Hence u is a harmonic function.
Let f(z) = u + iv is the analytic such that v = e cosy.
Now u,, = ¢* cosy and u, = —e*siny.
Replace z by z and y by 0, we get
uy(2,0) = €°
u,(2,0) =0
Since real part is given, by Milne-Thomson’s method
1(z) = uu(z,0) — iuy(2,0)
= ¢ —i(0)

=c.
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Integrating w.r.t. z, we get
f(z) = /ezdz—kc
=e‘+c
L. b. If f(2) = u+iv is an analytic function of z and if u — v = e%(cosy — siny),
find f(2) in terms of z.
Solution: f(z) =wu+ 1w
if(z) =du—v
Adding (1+14)f(2) = (u —v) +i(u+v).
Put U=u—v, V=u+vand F(z) = (1 +1)f(2).
LF(z)=U+14V.
As f(z) is analytic, (1 +14)f(2) is analytic. Hence F(z) is analytic.
Given U = u — v = e®(cos y — siny).
U, = €e®(cosy —siny)
Uy = e¥(—siny — cosy).
Replacing = by z and y by 0, we get
Uz(2,0) = €*(cos 0 — sin0) = ¢?
Uy(z,0) = €*(—sin0 — cos 0) = —e”.
Since real part is given, by Milne-Thomson’s method
F'(2) = Uy(2,0) +iV,(2,0
= U(2,0) — iU,(z,0
= e” +1ie* = (1 +i)e”.

—

Integrating w.r.t. z, we get
/F’(z)dz = (1+41) /e‘dz +ec
= F(z)=(1+1)e* +c
= (1+4)f(z)=(1+i)e*+c

. c
= fl2) ="+ 15
c
— / I=
e +c, C 153
fiz)=¢€"+¢.
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2

2. a. Evaluate by Cauchy’s integral formula 3g T2 4 where C : Izl = 1.
o (z=m/6)®
-2
sin” z
Solution: Let I = f —(lz
(z —7/6)3

¢
C is the circle |z| = 1 with centre at (0, OQ and a radius of 1.

The singularities are given by (z — 7/6)* =0 = 2 = 7/6.
T iy
For z = —, |z ='—’=0."2<1
or 5 7[r | 5 5
Hence z = 5 lies inside C'.
Let f(z) = sin®z. Then f(z) is analytic inside and on C.
f'(z) = 2sinzcosz = sin 2z, f(z) = 2cos 2z.

By Cauchy’s integral formula for derivative

f L s = 2 1)
:\'% :f;/; i= 2 (%)

= wif"(g)
=1 [2 COos 2z]

z=%
™
= 271 | cos —
WZ[(’093J

=TI,

2z

2. b. Evaluate fﬁ = 63 m 2dz by Cauchy’s integral formula, where C'is the circle
22 — 3z
c

2| = N
e

ion: Let [ = j;
Solution: Let [ Y ToDG-2)
The singular points are given by (z —1)(z —2) =0=>z=1,2=2.

C' is the circle |z| = 3 with centre at (0,0) and a radius of 3.

dz, where C is the circle |z]| = 3.

Ifz=1,then |z =|1]=1<3.
If z=2, then |z| = 2| =2 < 3.
So z =1 and z = 2 are singular points inside C.

Let f(z) = €**. Thercfore, f(2) is analytic inside and on C.
1 A B

oG- 7-1 z-2
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= Az-2)+B(z-1)=1
Putz=1,then —A=1= A= -1
Put z=2, then B = 1.
_ 1 -1 1
Tz=-1)(2-2) z-1 z2-2

By Cauchy’s integral formula,

j[ /() dz = 2mif(a)

< —a

C
f&) i@,  [f
:>74(z—1)(z—2)— z—Zd~ z—ld~
o

o %)
e : o
#fm = 2mif(2) — 2mif(1)

= 273 (64 — ez).
UNIT-IT

3. a. Expand cos z into a Taylor’s series expansion about the point z = 7 /2.
Solution: Let f(z) = cos z.

The Taylor’s series for f(z) about z = 7/2 is

1) = a2+ ST ) 4 C R iy o

Now f(z) = cosz. Hence f(r/2) =0
f'(z) = —sinz. Hence fl(m/2) = ~1
J"(z) = —cos z. Hence J"(r/2) = 0
J"(z) =sinz. Hence ["(r/2) = 1
.. The Taylor’s series for cos z about z = 7 /2 is

- ‘) Y — 2)3 - DAN)
O ;r/.,) E 37:/.),) _ (z—7/2) s

5!

The expansion is valid throughout the complex plane.
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Alter: To expand f(z) about z = T2, put 2 — /2 =w = 7 = w + /2
0
COS 2 = COS (w + 5)

w 3 ., T
= COS W COS — — SN W sin —
2 2

=0 —sinw
w wd
I T
wd o owt
= whg g
G=n/2) | =n/2 (c—n/2)
1! 3! 51

3. b. Expand f(z) =
{i)0<|z—1|<1.

. . 1 1 1
Solution: Here f(z) =

m in the regions: (i) 1 < |z <2 (i) fel 5 o

T G-De-2 z-3 i1
f(z) is not analytic at z = 2 and » — 1.
(). 1<|z| <2
f(2) is analytic in the annular region 1 < |z] < 2 about z = Q.
So, we expand as Laurent’s series about z = (.
Now1<|z|=>‘§| <1 and |z[<2=>\§)<1.
So, the Laurent’s series is

)
2
| AN | IR
=__1_~) i __)
2( 2 z(l 2
1 7z 22 Ly I
s ;2[14—‘:7:-!“71‘4 "]-“z'l'f";'l‘;.‘;_'ﬂ ]
1 z 7 :
=—-l142,.72 “[zhx v 4 =3 ]
5T - ey
2 4 8 16

(ii) Given |2| > 2.

J(2) is analytic in the region |z

> 2 about z = (.

(@]
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So, the expansion is Laurent’s series about z =

0.
1
>1=>|g <1andH<l<1.
z 2 2

Now |z| > 2= l%

. The Laurent’s series is
1 1
EO=r3 7

Il
w
&
+
[\
IS
|
[\v]
+
=~
N
|
w
+
|
w
&
+
N
|
(3o
+
) |
w
+

e T2 432 2
(iii). Given 0 < |z —1] < 1.
f(z) is analytic in the region |z — 1] < 1 about z = 1.
So the expansion of f(z) in the region is Laurent’s series about z = 1.
Putw=z—1=z=w+1 .. 0<|w| <L

- The Laurent’s series is
1 1 1 1

J@=—T7t7 3" Twri-1 w+l-2
1,1
T ow o w-1
1 1
T ow l-w
1 1
——'uj—(l—'w)
1 o
PR wn
w
n=
(e}
=—(z—1)"1—2(z—1)1
n=0
=—(z—1)"’—[1+(z—1)+(z—1)2+(z—1)3+ ]
1
=—z_1+1+(z—1)+(z—1)2+(z 13+
[o.¥]
=—> (z=1)" if0<|z—1] <L
n=-—1

R
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dz
(22 +1)(2%2 — 4)

4. a. Evaluate by Residue theorem, f dz, where C is |z| = 1.5.

c
A ]
Solution: Let f(z) = FiDE =4
The poles are given by (2% +1)(2* —4) = 0= z = £4,2, 2.

C is the circle |z| = 1.5 with centre at (0,0) and a radius of 1.5.

For z = i, |z| = |i| = 1 < 1.5. Hence z =i lics inside C.
For z = —i, |2| = | —4| = 1 < 1.5. Hence z = —i lies inside C.

For z = 2, |2| = |2| = 2 > 1.5. Hence z = 2 lies outside C.
For z = —2, |2| = | — 2| = 2 > 1.5. Hence z = —2 lies outside C.

z =1 is a simple pole.

Res{ f(z);i} = lim [(z - i)f(z)]

T 2i(-1-4)
1

z = —i is a simple pole.

Res{f(z); —i} = lim [(z +14) f(z)]

zZ—>—1

. ; 1

i [(" G- 0@ - 4)]
—q

2(—1 — 4)

|

- L

Hence by Cauchy’s residue theorem,

f J(2)dz = 2mi x (surn of the residues at the poles within C)
Cl

:3’% dz ds = i 1 i 1 _0
J@ENE-0 T T 108

2m
4. b. Show that by Residue theorem f ———(Eo—— = gzr_
! 24cosf /3

7
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27

Solution: Let I = f dv

y 24 cosf’
To evaluate this, consider the unit circle |z| = 1 as contour C.

) . o dz 1
Putting z = €% so that dff = T and cosf = 5 (z + -

z 2z

~

'1_% 1 dz
o 2+(5ﬁ)iz

1

244z+1
The poles of f(z) are given by 2> +4z+1=0

_ —4+4/16-4
B 2
_ —4+2V3

2
= —-24++3

where f(z) =

=z

=—-2+ \/§ or —2 — +/3 which are simple poles.

Now 22 +4z+1= [z—(—2+\/§)][z—(—2—\/§)].

The contour is |z| =1

If z = —2+ /3, then |z| = |2+\/§| =—2++v3< 1L
- 7= —2++/3 lies inside C.

If » = —2 — /3, then |2| =l—2—\/§| =2+V3< 1
- 7= —2—+/3 lies outside C.

Res {f(z); -2+ \/3} = lim [z —(-2+ \/§)]f(;)

z——24+V3

1) 2241

1

= lim [z—(-2+ V3)] [[z —(=2+V3)][z = (=2 = V3)]

2 =243
1

= lim —=

z=24+V3 2+ 2+ V3
1

T2 V342+ V3

|-

g

2

|
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.. By Cauchy’s residue theorem,

% J(2)dz = 2mi x sum of the residues of f(z) at poles lies inside C'

e
7

2
.'.f—/ %fz ~=-2,- ﬂ=~2—7—r—
2+cos i /8 3

0

UNIT-III

5. a. Find the Fourier series representing f(z) = 2,0 < z < 2.
Solution: Given f(z) =« in (0, 27).

The Fourier series expansion of f(z) in (0,2) is given by
(¢} = o
- —22+ZanCOS”5U+ansinnx ...... (1)
n=1 n=1

where

2 2T
1 1 122\ 1
0 0

1 2m
ap = — / (z) cos nxdz
s

2
]
— | xcosnudr
T
0
. 2
1 T(sumw) (l)(-—cosnw) e
T\ n n’ 0
1 [cos nw} .
T m2
T n b
1 i ¥
== [cos 2ni — cos 0]
™

9
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27

/ f(2) sinnade
0
27

ea
Il
| =

= — [ xsinnzdz

() o(m)

= —— [z cosnz] 3"

R

= —— [27r cos 2n7r]

Substituting the values of ag, a, and b, in (1), we get

2

o0
=7r+ E (,ObIIL‘+ E (——) sl Ny
n=1 b
[o.v]
Zsmlu,

n=1

:

||
ﬁ
w

5. b. Find the Fourier series to represent the function f(2) given by

0, —7w<zx2<0
f(z) =

22, 0O<z<m
0, —-n<x<0

Solution: Given f(z) =
22, O<z<m
The Fourier series expansion in (—,7) is given by

a = o0

0 .

= b} + Z an, COSNT + 5 bpsinnr ~ -o---- (1)
n=1 n=1

10
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where

ap = l/f(alc)al’c

1 ™
an = — /f(:c) cos nzdz

ERE

2

' c\a

k

|
1[2zcosnz]”
m n? }
1
p
2

0

0
[/(O) cos nxdzx +

z* cosnxdx

/ 22 cos nwdx}

sin na
z? ( ) - Zx(
n

[ 27 cos T O]

— COSNT —sinnz\]"
+2 5
n n 0

11
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™

1
by = = / f(z) sin nzdz

0 ™
1
- {/(O) sin nadx + /:v2 sin nmdw}

—T 0

1[ ,/—cosnz —sinnzg COSNL\™
-2 () ()
7| n n n 0
1[—a%cosnz 2cos m:}
= — -+ 3
7| n n
1[/—nw%cosnm 2cosnw 2cos0
St S et
T n n3 n3
1[-m2(=1)"  2(=1)" 2
= — + —
T n n3 n?
—T 2
M I P )
—(=1)" + —[(-1)" — 1]

Substitute these values of ag, a, and b, in (1), we get

flz) = sz/3 + Z (2(;21)11) cosnx + Z [_77‘-(—1)" + win?’[(_l)n - 1]] sinnx

n=1
2 o n foucd
s (-1) _ Z -7 2 )
= F + 2 2 77,2 cosnx + 2 [—;L—(—l)n + W [(—1)” = 1]] Sin na

6. a. Find the half range sine series for f(z) =z(r —z) in 0 <z < 7.
Solution: Given f(z) =z(r—2z)in0 <z <.

The Fourier sine series expansion of f(z) in (0,) is

fz)=z(r—2)= i bysinnx — ceeee (1)

n=1|

12
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where

w
2 . :
by = —/j(:v) sin nada
/1" 4
™
2 -
== / (m2x — %) sin nwdz
" 4
™
oy [—cosnz —sinnz COS NL
[W—“J (=) - -2 (=) + (o )J

0
-2 COoSNT CosS N "
_— . 2
-2 (222) 4o 2]

EREN)

n
0
- | (rem) - (o220
a3y ~ 2J
B n3 n3

T
4
=—|1-(-1)"
7rn3[ ( )J
{O, when 7 is even

—, Wwhen n is odd
™

Substitute b, in (1), we get

8 .
z(r—z) = — sinna
ns
n=1,3,5,
8/ . n sindz  sin bz )
= —(sing —_—
T 33 53

6. b. Obtain the Fourier series for the function fla)=2a% -t <a<m

Solution: Given [(z) = 2%, -7 < 2 < 7.
For the given function, f(-z) = ( —2)? = 2% = f(x). Hence the given f(2) is an even
function in the interval ( =, 7). Therefore, all of b, = 0 and the Fourier series for

[(z) over (—m,7) is

o0
: a ,
f(z) = 729 + D ageosnz oeeens (1)

n=]

13
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where
2 2[237" 2
/f(m ;/ =25, -2

™
2
= —/f(m) cos nxd
0
0

T

2
== [ 2% cosnzdx
T

0

[, /sinnz L {—cosn —sinna\]"
_HJ< n >—(2a’)< n? )+(2)( iy )]

0

Il

22 cos m,] i
2
n "

[ 27 cos nm
T a2 0
7

NIQ:NI,Q-\-\INJ ﬁlm ENEN

cosnm

— (="

Substituting the values of ap and a, in (1), we get

o0
4
2—2— CoS T

cosT cosQ:c cos3x  cosdzx
e - Fon

3% 42
UNIT-IV

wlﬁw o;,l:]

cosz, forlz<a
7. a Find the Fourier transform of f(z) =

0, for |z| > a,a >0

14
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Solution: The Fourier transform of f(z) is

F{f(z)} = /f(ac)ei”dm

—a a o0
= / 0. e**dx + / cos ve'*dx + / 0-e*dy
- "t 7

a

e / cos ze***dzx

LS(

[/
(iscos z + sin x)}
-0

[1
Lisa ,—18a
) (iscosa + sin a) — c (iscosa — sina)
1-— 1—3s2
. iscosa [eie — g-isa i e’ 4 e~ 25ingq
1—s2 21 2 1—s2
2scosa 2sin
= - T simas + e cos as
=T [blnaCOb as — s cos asin as]
—s
e—uﬂ}
7. b. Find the Fourier sine and cosine transform of f(z) =
. e—'u.il:
Solution: Let f(z) = ——a> 0.
The Fourier Sine transform of f(z) is given by
o
Fs{f(z)} = / f(z) sin szdx
0
o0
e—u
=/ sinszde =1, say — +----- (1)
z
0

Differentiating (1) w.r.t s, using Leibnitz’s rule of differentiation under integral sign,

15
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we have

dl ooe“””
—=/ o (xcossx)dz

0
o0
/ e~ cos sxdx

0
_ e~ ( . ' o
= |3z e a cos ST + ssin s:L) ]
_a
Cs24q?
Integrating, we have
a
I= | ——
/ s% + a2 ds
— tan—l (i) + A ...... (2)
a
Putting s = 0 in (1), we get
(o]
e—aw
I=/ = sin0dz =0 ------ (3)
)
Putting s=01in (2), weget I=0+A=4  ...... (4)

From (3) and (4), we have A = 0. Hence

1= 7s(25) =t (2).

The Fourier Cosine transform of f(z) is given by

Fs{f(z)} =/f(:v)coss:vdw

Ooe—aa;
=/ = cosszdr = I, say  +.-0en (1)
0

Differentiating (1) w.r.t s, using Leibnitz’s rule of differentiation under integral sign,

16




24BM11RC04 COMPLEX AND FOURIER ANALYSIS

we have

dl T
e—(lﬂ;‘ p
== / (z sin sx)dz
, J =z

C
= — / e~ " sin sadx
0

e —ar o0
—— 2 — asin sz — s cos sz)
a + 0
s +a? az

Integrating, we have

S
]=~/——82+a2ds

1
== log(s® +a®) + A

8. a. Find the finite Fourier Cosine transform of f(z) defined by f(z) = % -4 —,

where 0 < o < . \

Solution: Given f(z) = % =& + ;—, where 0 < z <7 and [ = 7.
™

We have

!
Fe(n) = /f(:c) cos ?dm
0

= /" f(z) cosnzda
0

[% ) (20) - (-1 2) (<5) o+ (2) (22

(,O‘STLIL

[ n? }o

[1

s ()
“141) cosnmw (__l_{_o)c:; J

= 2,n>0

17
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and if n = 0,

!
F'c(n)z/f(:z:)dm
0

__7r2 772+7r
T3 2 ' 6rw
=0.

" 2
8. b. Evaluate the following using Parseval’s identity: f l‘dx(a > 0).

A (1'2 + a2)2

Solution: (i) Let f(z) = g(z) = e**,a > 0. Then

Fs(s) = Gs(s)

S
52+a2'

Using Parseval’s identity for Fourier sine transforms,

18
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UNIT-V

9. a. A tightly stretched string with fixed end points = 0 and z = [ is initially in
a position given by y = yosin®(rz/l). If it is released from rest from this position.
Find the displacement of y(z, ).

Solution: The displacement y(z, () is governed by

iz;til — g.g% ...... (1)
subject to
y(0,4) =0, forall ¢ - ---- (2)
y(l,t) =0, foral ¢ ------ (3)
y(z,0) = yosin®(mz/l), 0<z <1 --- (4)
%t=0=0, O @] s s (5)

The required solution of (1) is given by
y(z,t) = (1 cos px + co sin pz)(cs cos cpt + ¢4 sin cpt).

Using conditions (2) and (3), we have
y(0,t) = c1(c3 coscpt + ey sinept) = 0= ¢; = 0.
y(l,t) = cosin pl(cs cosept + ¢y sinept) =0
=sinpl =0
=pl=nm, n=1,2,---
n

=>p=—l—, n=1,2-.

.. The general solution of (1) satisfying (2) and (3) is
o0

11 nwct\ . nwy
y(z,t) = Z (an cos 7_;_7_;_0__ + b, sin i ) Bl & s (6)

n=1
where a, and b, are constants to be determined using (4) and (5).

Differentiating (6) partially w.r.t ¢, we get

dy = nwe . nwct . mme nmwel\ . nww
§=Z(—an ; sin ; + b, ;i cos ;i )s ;
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Using condition () i.e., %; =0, we get

O-anmrc 51 m'—‘#b =0 [‘.'Siun”m%O}

n=1

Substituting b, = 0 in (6), we get

6
Cl i Z a, COoS L sin &7]‘-—(— ------ (7)

Using condition (4) i.c., y(,0) = o sin®(mz /1) in (7), we get
= NI
Zansin T = yosin®(rz/l), 0 <a <L
n=1

We have sin36 = 3sin — 4sin® 6 = sin® 6 = 3sinf — 1sin30.

ia sin — L0 =1 [‘3 in— me L n gﬂw]
S — —sin—.
e R Ve A

. " . 3Yo —%Yo

Comparing the coefficients of like terms a; = —Z—i—,ag =T and ao = a4 = a5 =
- =0.

Henee required solution is

3Yo wet . T Yo 3wet . 3w

y(z,t) = — cos s = cos ——sin ——
Yo wel . T 3wet . 3mx
= 3 cos — sin — — €os —— sin —— |
! l l l
Ou ou _a .
9. b. Solve i 2_37 + u, where u(x,0) = 6e™°% by the method of separation of

variables.
Solution: Here u is a function of z and t.
Let w= X)) - T{)=XT (1)

where X is a function of x only and 7" is a function of ¢ only, be a solution of the

X'T = 2/\’T’ -+ XT = X'T = (ET, + T)/\’.
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Separating the variables, we gof,
X' 24T
T = e (2)

Since o and ¢ are independent variables, equation (2) can hold only when ecach side

is equal to same constant, say k.

z\” d\r X
X k=5 = kdx ;*’logX—l»w-}—logcl=>1013~—-—-l.z = X =ce” ..., (3)
and T 4 T T
~ + 2 T/ k/"_l
_l‘, —_— = —_—= —
7 = T +1=k= 5
dT’ k—1
T _( 2 )dt
k—1
1 =|—)¢ 7
= log T ( 5 )H—logjcz
k-1
log — =
=>0gC2 ( 2 )[
=T = 02@%(’°"1)t ...... (4)

From (1), (3) and (4), we have

. (e k=1
U= u(z,t) = 1" - cpezb—Dt = gekzo(55 * where A = C1Co.
Since u(z,0) = 6™ = Ae*® = 6 = A = 6 and k = —3.

.". The unique solution of the given equation is

u = 68—3:1; i e—-zt — 63—(3w+2ll).
ou ou 5 s
10. a. o = 4-(,;)—, where u(0,y) = 8¢™3 by the method of separation of
Z Y
variables.

Solution: Here v is a function of 2 and y.
Let wz,y)=X() - Yy)=XY ... (1)

where X is a function of z only and Y is a function of y only, be a solution of the

—

given equation.

Then g—u- =X'Y, %;— = XY’
T
Substituting these values in the given equation, we have
X' Y’ .
/ A eises 2
XY =4XY' = 5 =45 (2)
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Since 2 and y are independent variables, equation (2) can hold only when each side

is equal to same constant, say k.

! X X
)—(— = k= g — kdy = log X = ka+logey = log — = ko = X =cef® oo (3)
X X C1
and
W y'" k dY k ky Y ky %
L s = —==d =logY = —+l =log— = — =
4Y k:>Y 4=> v =1 y = log 4+ogcz logDcz 1 =Y = e’

From (1), (3) and (4), we have

u=u(z,y) = ce" - cpet = A1) where A = ci0a.

Since u(0,y) = 8™ = At =8¢ % = A=8and k= —12.
- The unique solution of the given equation is

u(:c,y) — 86—12(:“-%) = 86—12z—3y.

10. b. Solve one-dimensional heat flow equation 8—1: = 02—8—1% given that u(0,t) =0
and u(l,t) =0, >0 and uw(z,0) = SSinElE,O <z<l.
Solution: Given equation is
du 0%
5 C 0z

The boundary conditions are
u(0,t) =0, u(1,t) =0, forall ¢
and the initial condition is

w(z,0) = 3sin7r—z—$, D<a<l.

The required solution of (1) is given by
u(z,t) = (Acospx + Bsin pr)e”€Pt (2)

Using condition u(0,1) in (2), we get
w(0,0) =0= Ae™Pt =0=>A=0.
(2) reduces to

u(z, 1) = Bsinpre St oo (3)

22

(4)



24BM11RC04 COMPLEX AND FOURIER ANALYSIS

Applying the condition u(,t) = 0 in (3), we get

u(l,t) = Bsinple 7"t =
=sinpl =0
=pl=nw, n=1,2,---
=>p = T—Lli, n=12---
Substituting the value of p in (3), we get

—c2n2x2¢/12 . NTXT —2n272¢/12 . NTX
u(z, ) = Be™™ ™ gin = = p o=t m /2 iy 0T
.. The most general solution of (1) is
- nrx
2,292,112 . 8/
u(z,t) = E bpe~¢ T gin - (4)
n=1

Using condition u(z,0) = 3sin 7rl_x in (4), we get

Comparing the coefficients of like terms, we get by = 3.

Hence from (4), the desired solution is

_2-2y12 . T
u(z,t) = 3¢~ /¥ gin —

Trefared RERN by
VY A Kormaasoea R VY- (?csmm\%

N D\L Q/%Pd)\\(,u‘&z/
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